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ABSTRACT 
Let A be in normal form, and A = M - N be a regular splitting. Then A = M - N 
is also a graph compatible splitting if and only if M is an upper triangular block 
matrix conformable with the block structure of A. We give a necessary and sufficient 
condition for a regular splitting of a matrix to be graph compatible. This provides an 
answer to Schneider’s Question 4.1 in Linear Algebra Appl. 58:407-429 (1984). 
A (directed) graph r is a pair (V, E) where E C V X V. A path from i to j 
of length k is a sequence a = (i,, . . . , ik) of vertices where i, = i and i, = j 
such that (i,, i,>, . . .,(ik-l, i,> are arcs of r. We consider the empty path 0 
tobeapathfromitojoflengthOforeachvertexi.Ifa=(i,,i,,...,ik)and 
t = (ik, ik+l,. . . , i,) are paths in r, then the concatenation path 
a,...> ik,..., it> is denoted by (LY,~). 
If rr and r, are graphs, then the product graph r,r, is defined by 
(i, j) E r,r, if there is a k E V such that (i, k) E rl and (k, j) E r,. We write 
r2=rr,r3= r2r, etc. By A we denote the diagonal graph A = {(i, i): i E VI. 
The reflexive-transition closure f of a graph I7 is defined to be T = A U r U 
r2u-. 
kt A E R"". The graph I’(A) of A is defined to be r(A) = {(i, j): aij # 0). 
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It is well known that any reducible matrix 
permutation matrix P to be normal form 
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A E R”” can be reduced by a 
A,, A,, * . . Alk 
PAP’ = (*I 
where each block Ai, is square and irreducible. 
Let A be a k X k block matrix A = (Aij), 1~ i, j < k, with square 
diagonal blocks. The block graph G(A) = (V, E) will be a directed graph with 
k vertices V = {Vi), and directed edges (Vi, Vj> if and only if Aij # 0. Clearly, 
<Vj,Vj> E G(A) if and only if there exists s E vi, j E Vj such that (s, t) E T(A). 
DEFINITION 1 [3]. 
(1) Let A E R”“. A pair of matrices (M, N) in R”” is called a splitting of 
A if A = M - N and M is a nonsingular matrix. 
(2) A splitting A = M - N is regular if M- ’ >, 0 and N > 0. 
(3) A splitting A = M - N is graph compatible if r(A) 2 T(M). 
DEFINITION 2 [2]. A regular splitting A = M - N is called an L-regular 
splitting if A is nonsingular or for all singular classes Vg, of A we have 
r(A&r) r(N) + 0 or there exists i E Vg, such that (i, i> E r(N). 
In general, a regular splitting A = M - N of an M-matrix A need not be 
graph compatible. In [3], H. Schneider conjectures that under a mild 
additional condition a regular splitting of an M-matrix must be graph 
compatible. In [2], I prove that an L-regular splitting is a graph compatible 
splitting. But this condition isn’t necessary. (See [2].> 
LEMMA 3 [3]. Let A and B be k x k block matrices with the same block 
structure. 
(1) Let A, B be nonnegative. Then G(AB) = G(A)G(B). 
(2) Zf A is nonsing&-, then G(A-‘)GG( A). Zf A is a norwingukw 
M-matrix, then G(A-‘1 =G( A). 
REGULAR AND GRAPH COMPATIBLE SPLITTINGS 103 
LEMMAS. L.etAbeinnormalform(*),andA=M-NasplittingofA. 
Let M be a k x k block matrix conformable with block structure of A. Then 
this splitting is graph compatible if and only if G(M) cG( A). 
Proof. “If”: For every (s, t) E T(M), let s E V;:, t E vj; then <vi,?:> E 
G(M)cG(A). H ence, 
(Y = (Vi, vi::,, . . . ) 
there is a path (Y from y to Vj in G(A). Let 
Vi , V’). Since T(Aii) is strongly connected, (i = 1,. . . , k), there 
is a path from “s to t in I(A). Hence (s, t) EI’(A). This implies I’(M) 
cT( A), i.e., A = M - N is graph compatible. 
“Only if”: For every (vi, y) E G(M), there exists s E vi, t E vj such that 
(s,t)ET(M)CI’(A). H ence there is a path from s to t in F(A). It is easy to 
see that there is a path from q to y in G(A), i.e., <y,y:.> EG( A). Hence 
G(M)&(A). l 
THEOREM 5. Let A be in normal form (* >, A = M - N a regular split- 
ting. Then A = M - N is a graph compatible splitting if and only if M is the 
upper triangular block matrix confmble with the block structure of A. 
Proof. Only “if”: Easy. 
“If”: Let 
A,, A,, ..* 
A 22 --- 
A= . 0 . 
By hypothesis, we obtain 
MI, MI, -.* 
Mz2 . . . 
M= ! ‘. 0 . 
Let M-’ = (Mi;.); then M,; = 0 (i > j). 
We use the induction to complete the proofs. 
When k = 1, obviously, A = M - N is a graph compatible splitting. 
Suppose that the theorem is true for k < s - 1. Now, we will prove that the 
theorem is true for k = s. Suppose (vi, y) E G(M) (i < j). 
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(1) If i > 1 or j < s, then let 
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Aii .-. Aij 
A,= *.. f 
0 Ajj i ’ s, x s, 
In this case, A, = M, - N, is also a regular splitting. Since s1 i s - 1, 
A, = M, - H, is graph compatible by the induction hypothesis. Hence 
- - 
(VJ+G(AJcG(A). 
(2) If i = 1, j = s, and (V,,V,) E G(A), then the theorem is true by 
induction. Otherwise (V,,V,) 65 G(A); then A,, = 0. This implies M,, 2 0. 
Since MM-' = I, we have M,,M;,+ M,,M& + .*. +Mls-lMQ-ls + 
M,,M;,=O. If M,,M;, + . . * +Mls_lM;_-ls=O, then M,,M;,+M,,MJ,= 
0. Thus M;,= - M;'M,,MJ,. Since M;,>,O and Ml;'=M{,>O, we have 
Mi, = 0. This implies M,, = 0, which contradicts M,, # 0. Hence M,,M& 
+ ... +M 1 s _ ,MJ_ 1 s # 0. This implies that there exists i, E V such that 
M1i,Mt!,s # 0, i.e., (Vi,V,,> E G(M), (vi,, V,> E G(M-'). It follows that (Vi,,Vs) 
EG( M) from Lemma 3, i.e., 
(Y = (Vii’ . . .) Vi,,V,) (1 < i, < . * 
there is a path (Y from Vi, to V, in G(M). Let 
* < i, < s). Hence or= (Vl,Vi,,. . . ,Vit,V’) (1 < 
i,< *** < i, < s) is a path from Vi to V, in G(M). By (I), we have (V,,V,,) 
EC(A), (Vi,,ViB)~G(A),..., Wi,,V,>~G(A). Hence (V,,V,)EG(A). 
By (1) and (2), we have <V,Vj> EG( A) for every <Vi,Vj> E G(M). Hence 
G(A) 2 G(M). By Lemma 4, we obtain that A = M - N is a graph compati- 
ble splitting. This completes the proof of the theorem. 
By Theorem 5, we easily obtain the following. 
COROLLARY 1. Let A be an upper triangular matrix, A = M - N a regular 
splitting. Then A = M - N is a graph compatible splitting if and only if M is 
also an upper triangular matrix. 
1 wish to thank Professor Mou-cheng Zhang and Hans Schneider for their 
helpful suggestions on this paper. 
REGULAR AND GRAPH COMPATIBLE SPLIT-TINGS 105 
REFERENCES 
1 A. Berman and R. Plemmons, Nonnegative Matrices in the Mathematical Sciences, 
Academic, New York, 1979. 
2 Wen Li, On regular splittings of an M-matrix, Linear Algebra Appl. 113:159-172 
(1989). 
3 Hans Schneider, Theorems on M-splittings of a singular M-matrix which depend 
on graph structure, Linear Algebra Appl. 58:407-429 (1984). 
4 Mou-Cheng Zhang, On graph compatible splitting of an M-matrix, Linear Algebra 
Appl. 91:177-179 (1987). 
Received 23 December 1988;jnal manuscript accepted 11 March 1990 
